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On the correct numerical shock speed 
Joseph Roseman and Gideon Zwas (*) 
ABSTRACT 
When numerical solutions of nonlinear hyperbolic equations are obtained by standard schemes 
which can handle shocks, extra terms are often added to eliminate post-shock oscillations. If 
this is not done with care, those extra terms may falsify the shock speed. The question of 
which type of terms do and do not falsify the shock speed is investigated and it is demonstrat- 
ed that, when falsification occurs, it can be predicted, both qualitatively and quantitatively. 
1. INTRODUCTION 
Various numerical methods are used in the computa- 
tion of shock solutions in order to dampen post- 
shock oscillations and obtain a smooth shock profile. 
These methods involve adding an extra term to the 
numerical scheme. Such terms are either artificial 
viscosity terms which come from physical considera- 
tions, following yon Neumann and Richtmyer [1], 
or are changes in the dominant runcation terms 
made with the intention of increasing the dissipa- 
tion. If these additions are not made with care, it 
is possible to smoothen the shock but obtain an 
erroneous hock speed. The purpose of this note is 
to clarify this phenomenon. Not only will it become 
clear as to which type of terms do not falsify the 
shock location, but also it will be shown that, when 
a falsification occurs, it is predictable, qualitatively 
and quantitatively. 
2. THE POST-SHOCK OSCILLATIONS 
For purposes of demonstration, we consider the 
equation 
au a u 2 
at  + ~ (T--) = 0 
with initial conditions 
~u L(x) =b> 1 x< 1 
U(X, O) J 
~UR(X ) = 1 x > 1 
It is well known that this equation has a unique 
shock solution which consists of a step-function- 
wave moving to the right with a constant speed of 
(1) 
(2) 
1 (b + 1). This follows from the Rankine-Hugoniot 2 
relation, which, in this case, is 
1 , 2 2 ,  
[ u2/2 ] -'2-- ~'UR- UL) 1 
Xs(t) - [u] - u R - u L - 2-(UR + UL)' 
(3) 
where Xs(t ) is the shock location (Ks(0) = 1). 
When one solves this equation numerically with a 
shock-finding scheme, such as that of Lax-Wendroff, 
one obtains a second-order accurate approximation 
to the analytic solution, which, however, has post- 
shock oscillations. Many authors ([1], [2], [3], [4]) 
give methods to overcome these unwanted oscilla- 
tions, which, sometimes, are quite severe. One way 
of analyzing these methods is by examination of 
what has become known as the modified equation, 
i.e. the differential equation that the numerical 
scheme solves to a higher order of accuracy than the 
original differential equation. The modified equation 
has the same left hand side as (1), and on the right 
side are the dominant runcation terms of the 
scheme and the added artificial viscosity terms (if 
any). These terms on the right hand side, are all 
multiplied by increasing powers of the grid size. 
Specifically, let us consider the Lax-Wendroff scheme 
for a single equation of the form 
aw [f (w)] = 0 (4) + 
at 
Without added artificial viscosity, the scheme is 
n+l  n fjn+ _f.n wj = wj - X( 1 j - 1 ) 
X 2 n n 
+ 2-- [~ + 1/2 (fj + 1-f J )  - anj -1/2 (f in ~-1 )] 
(5) 
(*) J. Roseman and G. Zwas, Department of Mathematical Sciences, Tel-Aviv University, 
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where 
i) a = f' (w) 
ii) X =- At/Ax 
iii) w n = w J (x j ,  tn) 
iv) aj + 1/2 = (a 1 + q)  " 
The modified equation for (5) turns out to be 
aw + 0 -At 2 _)k2 
gt ~x  [f(w)] = ~ [(1 a 2) fX]xx 
-At----~- 3 [(1 - k 2 a 2) a fx] + 0 (At 4) 
8k2 xxx 
When applied to (1), equation (6) becomes 
a_~u 0 u 2 At 2 u 2 
3t + ~x (-2--) = [u(X 2 - 1)u 6X 2 xxx 
(6) 
+ 3 (3X 2 u 2 -  1) u x Uxx + 6X 2uu3x ] 
+At3  [(X 2u  2 1) u 2 
8)k-- ~ - Ux]xx x + 0 (At 4) 
(7) 
A linearized analysis of (7) gives a modified equation 
of the form 
au At 2 ~U+a ___  
bt ax 6X2 
[a (X 2 a 2 - 1)] Uxx x 
2 + At3 a (k 2a 2 -1)  u +O(At  4) ,  
8k 2 xxxx 
(s) 
where a = f'  (u) is taken to be constant. 
Equation (8), while important for stability consider- 
ations, does not sufficiently explain the post-shock 
oscillations (see Lerat and Peyret [4]), which are 
genuinely non-linear effects. These oscillations are 
associated with the terms involving UxUxx, and u 3. 
These terms also contribute to dissipative and dis- 
persive effects and, in fact, are dominant in a shock 
reg ion .  
Lerat and Peyret [4] attributed the oscillations 
mainly to the u x Uxx term and obtained smooth 
numerical shock profiles by subtracting this anti- 
dissipative term (u x <( 0 at the shock) from the 
scheme. However, this produced an erroneous hock 
speed [4]. It will be illustrated below that the 
reason for the altered shock speed was that the 
right side of (7) was then no longer a perfect 
derivative. 
3. ARTIFICIAL VISCOSITIES 
If (7) is rewritten as 
au + 0 (u 2 , _ At_2_  [u(X2 u 2 _ 1) u 
O-~ ~u 2--) -6 )2  xxx 
+2_3 ( [3)2u2_ l ]Ux)x2 _3X2UU3x]+0(At3), 
(9) 
the main cause of the oscillations is still the middle 
term, which can now be subtracted, with the dominant 
truncation term remaining a perfect derivative. When 
this term was actually subtracted, in the work here, 
the post-shock oscillations were almost completely 
damped and the correct shock speed was obtained, as 
expected. When this term was multiplied by a factor 
o ) 1 and subtracted (we used o = 1.5), the shock 
was even smoother and the correct speed was still 
preserved. 
We next added to (7) an artificial viscosity term of 
the form 
(×/2). Ax2ua(  lUx I Ux) x (I0) 
The effective viscosity coefficient in (10) is proport= 
ional to l uxl and is therefore very significant at a 
shocL 
For a = 0, this is the artificial viscosity proposed by 
Lax-Wendroff [2], which is essentially the yon Neu- 
mann-Richtmyer pseudo-viscosity, and is a perfect 
derivative. The factor u c~, for a ~ 0, was added to 
illustrate the effect of an artificial viscosity which is 
not a perfect derivative. The motivation for doing 
this is that it is in effect equivalent to smoothing 
the shock by making various alterations in the 
dominant runcation term. 
With (10) added, the truncated modified equation 
for (1) becomes 
au a (¢ )  = X12 Ax 2 u a ( lux lux)  x a-7 + b-~f 
Ax 2 
6 [(1 - )2  u 2) uux]xx (11) 
The modified equation was truncated because in [5] 
and [6], we have shown that the first term is the 
only term to significantly influence the shock speed. 
For X > 0, smoother shocks were obtained, but the 
shock speeds were incorrect for a =~ 0. 
In order to reveal the mechanism by which the shock 
speed is altered when (10) is included, we add a 
Ax 2 2 2 centered iscretized version of -~- - [ (1-k  u )UUx]xx 
to the scheme so that the artificial viscosity term (10) 
is the only 0(Ax 2) term. Thus, we are now numeric- 
ally solving 
Ou . 0 'u2 '  u O~ , (12) 
bt ~-a -T -~- -  ) =x /2  Ax 2 ( lux lux)  x 
,, ,, ,, 
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ignoring (Ax) r terms, with r ~ 3. 
We now chim that the numerical solution of (12), 
when shocks are present, will produce the shocks 
corresponding to the weak solution of a different 
differential equation, namely the one obtained by 
multiplying (12) by u -a. By multiplying (12) by 
u-", we make the right side a perfect derivative. 
(If we had used (11), we would have had to multi- 
pmly by some integration factor ¢ (u) in order to 
ake the right side of (11)a perfect derivative. The 
use of (12), rather than (11), is for simplicity). 
Now, after mukiplying by u -a  we obtain 
a (u l -a )  + ~ (-~T'~l-a u2-a )  (a~l ,  a#=2) 
3t 
= x12. (1 -a )Ax  2 (luxl Ux) x , (13a) 
_ au Ax2( lux lux)x  a(~nu) + =x/2 , (o=1)  
at ax 
(13b) 
( - l /u)  + a~x-(£n u)=X/2  Ax 2 (luxlux) x ~t 
(0~ = 2). 
(13c) 
Equation (13) now has on the right a perfect 
derivative term and its numerical shock will move 
at the speed predicted by the corresponding Rankine- 
Hugoniot relation, Le. 
1-o ,  [u 2 -c ' ]  , 
- 2 -a  [ul-a] (a~l ,a~2)  04) 
and similarly for (13b) and (I,3c). This effectively 
means that a nonlinear transformation v= u 1"0~ has 
been made in (1) - (2) for a=/= 1, a=/= 2, v =£nu for 
a= 1, or v =- l /u  for a = 2. 
4. NUMERICAL RESULTS 
The numerical solution of (12) was performed with 
various values of a and various shock strengths 
(different values of b in (2)). 
In each case, the numerical shock speed was as pre- 
dicted by (14). Figures 1 and 2 illustrate the cases 
b=4,  a=land-1 .  
If the above is an accurate description of the true 
state of affairs in the numerical computation, then 
the addition of a non-dissipative perfect derivative, 
0 (Ax2), term to (7) would not affect the correct 
shock spe~d, but would leave the osciUations un- 
damped. In order to demonstrate this, we added to 
(7) a centered iscretized version of the term 
-o Ax 2 ( u2 ) (15) 
XXX 
The factor o was taken to be 1/2, because a linear 
stability analysis showed that this value would be 
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Fig. I and 2. The numerical solutions (solid line) 
for Ax = 0.04, X = 1.5 at t = 2.88. 
The dotted line denotes the analytic 
solution of (1)-  (2). 
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Fig. 3. The numerical solution (solid line) and the 
analytic solution (dotted line) at t = 2.88 
for the case Ax = 0.04, X = 0 and with the 
term (15) added to the numerical scheme. 
consistent with the Courant-Friedrichs-Lewy stability 
criterion. 
As expected, the numerical shock that was obtained 
agreed with the analytic shock solution, but contained 
severe oscillations. (See figure 3). 
Some of the above-mentioned xamples were run also 
with Freer grids and, as was anticipated, an even better 
approximation to the weak solution of (13) was ob- 
tained. 
Therefore, the main conclusions of this investigation 
are  • 
When one alters the dominant runcation term in 
order to obtain smoother shocks, the shock speed 
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will be changed unless the alteration is made in 
such a way that the dominant runcation term re- 
mains a perfect derivative. 
When the dominant runcation term is not a perfect 
derivative, the numerical solution approximates the 
weak solution corresponding to a different nonlinear 
hyperbolic equation, namely the original one after a 
nonlinear transformation of the dependent variable 
(see [5] and [6]). 
We end this note with the proposal that the expres- 
sion "purely dissipative" be used to describe viscos- 
ity-like terms which do not alter the shock speed 
as opposed to terms which have dissipative properties, 
but do change the shock speed. 
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